INTRODUCTION
IAPUNOV'S second method has long been recognized in the Soviet Union as the most general method for the study of the stability of equlibirum positions of systems described by differential or difference equations. The method was first presented by Liapunov in his now classical memoir,' which appeared in Russian in 1892 and was translated into French in 1907. Good sources for the statements and proofs of the mathematical theorems underlying the method can be found in works by Hahn,' Antosiewicz,3 and Cesari.4 These references also contain extensive bibliographies.
By way of introduction, let us consider first Liapunov's asymptotic stability theorem for autonomous systems. Let the systems of differential equations be (li: = dxldt) *i = Xi(X1, + ' ') 2,)) i=l , . . ..n.
The state of the system at time t is given by n real numbers x,(t), x2(t), . * * , x,(t). Thus, the state of the system at time t can be represented simply by the n vector z(t) = (x1(t), . * * , x,,(t)). The phase velocity of the system at the point x = (x1, * * * , .x;,) is defined by the vector field X(x> = (Xl(X), .** , X,(x)). In vector notation, the system of differential equations is simply the vector differential equation 2 = X(x).
The objective of this paper is to present methods rather than to obtain general results, and we shall confine our illustrations to simple equations such as LiBnard's: z + f(x)k + g(x) = 0.
Letting F(z) = J$ f( u )d u and y = k + F(x), we obtain, as a convenient system of first-order equations equivalent to (3), the system 3i: = y -F(x),
For van der Pol's equation f(x) = ~(2' -l), F(x) = E($X3 -s), and g(x) = x. Returning to the general system (2), we shall assume that X(x) has continuous first partials for all x. Thus, for any x0 there is a unique solution x(t) of (2) satisfying x(0) = 5'. This assumption on X(Z) is much stronger than is required, but this is cf little concern to us here, and our attitude throughout is to present the principal features of methods. The equilibrium states, sometimes called critical points, are those states where X(x) = 0. Thus, if X(x") = 0, then x = x0 is a solution of (2). Started at x0, the system remains in this stat'e for all t. This is, of course, a mathematical statement, and the actual behavior of physical systems raises the problem of stability.
It is never possible to start the system exactly in its equilibrium stat.e, and the system is always subject to outside forces not taken into account by the differential equations. The system is disturbed and is displaced slightly from its equilibrium state. What happens? Does it remain near the equilibrium state? This is stability. Does it remain near the equilibrium state and in addition tend to return to the equilibrium? This is asymptotic stability.
Let us make these notions more precise. Assume, as one always can, that the equilibrium state being investigated is located at the origin: X(0) = 0. A translation of coordinates accomplishes this. Let I[x[I be the Euclidean length of the vector x: llx[[' = xf + . . . + z:. Let S(R) be the spherical region of radius R > 0 about the origin: X(R) consists of the points x satisfying llxll < R. The origin is said to be stable if corresponding to each X(R) there is an S(r), such that a solution starting in S(r) does not leave X(R): x(0) in X(r) implies x(t) is in S(R) for all t 2 0 (Fig 1) . If, in addition, there is a neighborhood S(R,) such that every solution starting in X(R,) approaches the origin as t -+ 03, the system is said to be asymptotically stable (Fig. 2) .
For instance, if wit.hin a neighborhood of the equilibrium state the total energy of the system is always decreasing, we expect the equilibrium state to be asymptotically stable. Liapunov's second method generalizes this idea. Suppose that within some neighborhood S(R) of the origin one can construct a scalar function V(x) having continuous first partials and such that V(0) = 0 and V(x) > 0 for x # 0. Define, and this is with reference to the system (2) being investigated, V(x) = 2 x1 + * *. + g X, = (grad V) .X.
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It is important to note that V(x) is computed without any knowledge of the solutions but directly from the differential equations. If such a Liapunov function V(x) can be constructed in a neighborhood S(R) of the origin (the equilibrium state), and if in that neighborhood V(Z) < 0 for x # 0, then the origin is asymptotically stable. This is Liapunov's asymptotic stability theorem. The proof is an elementary exercise; yet the method is a powerful one because of its simplicity for the investigation of stability. If one knows only that p(x) < 0, then, in general, one can conclude only that the origin is stable.
The difficulty is to construct a suitable V(x). This requires experience and technique-a technique in which Soviet mathematicians and engineers excel. For a number of good reasons, let us consider the following simple example :
.i Z + a$ + bx + x2 = 0, a? 0,
The damping is linear, and the spring term is nonlinear and is nonrestoring for large 2. Of course, the question of stability can, in this case, be decided from the linear approximation li; + ai + x = 0, which we know to be asymptotically stable. Therefore, the origin of the nonlinear system is asymptotically stable.5 We shall discuss in a moment the inadequacy of deciding stability from the linear approximation. Before doing this, let us consider Liapunov's method. Ti(x, y) = -[(a -P)y" + aPxy + bPxZ] -yx2 -/3x", and it is easily seen for x2 + y2 and p sufficiently small that v(x, y) < 0, x2 + y2 # 0. Hence, by Liapunov's theorem, the origin is asymptotically stable. Thus, either by examining the linear approximations or by Liapunov's method, we arrive at the conclusion that the origin is asymptotically stable. The difficulty is that neither of these procedures gives information about the extent of the asymptotic stability. We know only that if the perturbations are not "too large" the system tends to return to the equilibrium state, but we know nothing about what "too large" means.
Asymptotic stability is a local concept, and merely to have established asymptotic stability does not necessarily mean that the system will operate properly. One would always like to have some knowledge of the size of the region of asymptotic stability. Often this is determined empirically and perhaps at great expense.
There is, however, a difference between the two methods. We can never determine the extent of the asymptotic stability of a system by examining only the linear approximation. It depends upon the nonlinear terms. On the other hand, the Liapunov method takes into account the nonlinearities and makes it possible to determine the extent of the asymptotic stability. This is one of the things we wish to demonstrate in this paper.
With the same example, (6), consider what happens if we try to take the Liapunov function to be the total energy of the system: V(x, y) = $y2 + +bx2 + $x3.
Sufficiently near the origin, it is positive definite, but V(x, y) = -ay2.
Then v(x, y) 5 0, and all that Liapunov's theorem enables us to conclude is that the origin is stable. Actuallyagain, this is one of the things we wish to show-we can conclude asymptotic stability using this Liapunov function, and knowing that this is possible often simplifies the problem of constructing a Liapunov function.
THE&TENT OF ASYMPTOTIC STABILITY
As we have already pointed out, it is never completely satisfactory to know only that the system is asymptocially stable without some idea of the size of the region of asymptotic stability. If a voltage has to be maintained to within a millivolt, we may not be willing to accept that IRE TRANSACTIONS ON CIRCUIT THEORY December the system is stable, whereas stability with a voltage variation of l/4 volt may be quite acceptable. Ideally, we might like to have the system return to equilibrium regardless of the size of the perturbation. This is "asymptotic stability in the large."
In this section, we develop and illustrate a number of theorems that relate to the question of determining the extent to which a system is asymptotically stable. Nothing can be said about the extent of asymptotic stability by examining only the linear approximation. The effect of the nonlinearities must be taken into account, and the Liapunov method gives us a means of doing this.
Before we begin the development of these theorems, there are a few more preliminaries. We consider again the autonomous system
assuming that the function X(x) has continuous 'first partials, or any other conditions that guarantee the existence and uniqueness of solutions and the continuity of the solutions relative to the initial conditions. We assume also that X(0) = O-there is an equilibrium at the origin. We need first to familiarize ourselves with Birkhoff's concept of a limiting set. Let x(t) be a solution of (7). A point p is said to be in the positive limiting set I'+ of x(t), if corresponding to each E > 0 and each T > 0 there is a 1 > T with the property that 11x(t) -pjl < e. This is equivalent to saying that there is a sequence t, approaching infinity with n and such that x(&J -+ p as n --+ 00. One of the fundamental properties of limiting sets is the following: Ij x(t) is bounded for t 2 0, then its positive lzmiting set r+ is a nonempty, compact, invariant set.
A set M is said to be invariant if each solution starting in M remains in M for all t. The proof of this property of limiting sets is given in Lefschetz's book. 6 We say also that x(t) approaches a set M as t approaches infinity, if each 6 > 0 there is a T > 0 with the property that for each t > T there is a p in M with 1 Ix(t) -pi 1 < E; that is, for all t > T the points x(t) are within a distance E of M. For instance, if x(t) is bounded for t > 0, then x(t) approaches its positive limiting set I'* as t + ~0. If this were not so, there would be an E > 0 with the property that for each T > 0 there is a t > T, such that I lx(t) -pll >_ E for all p in I'+. Hence, there would be a sequence t, tending to infinity with n and such that I Ix(t,,) -pl/ 2 E for all p in I'+. But since x(t) is bounded for t 2 0, the sequence x(L) has a limit point which is in J?+, which is a contradiction. This proves the proposition. The way in which we shall use this proposition is as follows:
If x(t) is bounded for t > 0 and if M contains the positive limiting set r+ of x(t), then x(t) -+ M as t + ~0.
With these preliminaries behind us, we can now establish a theorem which leads to a number of possible methods for determining the extent of asymptotic stability. Theorem 1 Let D be a bounded closed (compact) set with the property that every solution of (7) which begins in D remains for all future time in 0. Suppose there is a scalar function V(x) which has continuous first partials in D and is such that p(x) 5 0 in Q. Let E be the set of all points in Q where F'(x) f 0. Let M be the largest invariant set in E. Then every solution starting in ,D approaches M as t+ a.
/-..,.I ,i ;I',? ,-.c ./: I-' V(.'. \ Proof. LeCx (1)' 1;e a so&on initially id Q. Since P(x) < 0 in Q, V(x(t)) is a nonincreasing function of t. V(x), being continuous on the compact set 8, is bounded from below on 8. Therefore, V(x(t)) has a limit c as t + 00. Note also that the positive limiting set I+ is in D (because Q is a closed set), and since V is continuous on 0, V(x) = ,c on I'+. I" is an invariant set, and hence p(x) = 0 on r+. Thus, I'" is in M. This implies, as was pointed out above, that x(t) 4 M as t + 03. All solutions starting in Q approach M as t approaches infinity.
In some applications the construction of the Liapunov function V(x) in Theorem I will itself guarantee the existence of a set 0. It may be that the set D defined by V(x) 5 1 is a bounded set. If v(x) 5 0 in Q, then V(x(t)) is nonincreasing for any solution x(t) which starts in a. Therefore, x(t) must remain in 0 for all future time. We then have as a direct consequence of Theorem I: V is the total energy 3 3' + G(x) plus the term M'(x) + $F'(x). It is a modified energy function. Now These two conditions assure us that the region Q defined by +y" + G(x) < Z is bounded and that within Q, ?' 2 0. Since ?' < 0 for 0 < 1x1 < a, v = 0 only along the y-axis R: = 0. It is clear that excluding the origin no solution remains on t,his axis. Hence M is the origin, and every solution in 3~" + G(z) < 1 approaches the origin as ---f a. More specifically, the following conditions imply 1) and 2):
3)
xg ( For all 6 > 0, the equation has a unique limit cycle. The above result gives us a lower bound on this limit cycle.
Replace 1 by -t, so that in effect we are investigat,ing what happens as t -+ -a. The equation becomes 2 + E(1 -x2)$ + 2 = 0.
Here F(z) = x -x3/3, G(z) = +x2, and 2V = x2 + y2. F(x) > 0 for 0 < x2 < 3 and x2 + y2 < 3 implies x2 < 3. Therefore, every solution inside the circle x2 + y2 < 3 approaches the origin as t * ~0. The limit cycle must be outside this circle for all t # 0.
In the introduction, we showed for the equation it + ai + bx + x2 = 0, a< 0, b< 0 t,hat the origin is asympotically stable. Using Theorem 1, we can now investigate the extent to which it is asymptotically stable. An equivalent system is j, = -ay -bx -x2.
The point x = -b, y = 0 is an unstable equilibrium state, and is, in fact, a saddle point (Fig. 3) . Taking v = By2 + glx2 + ; ) we have With this Liapunov function, we cannot use Theorem 2, since the region V _< Z is never bounded. It is, however, possible to construct a bounded, closed region D with the property that solutions starting inside remain inside for all future time. Let Q be the bounded closed region ( 
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A solution leaving ti must cross either V = +u2p2, WV, = -/3, or W, = -c@. We already know that p < 0, and hence no solution can cross V = + a"@". Now December wii, = y and wii, = -x(b + x).
It is easily seen that along that part of W, which is the boundary of Q, y 2. 0, and therefore @I 2 0. Similarly, along the part of Wz that is part of the boundary, x 2 0. Hence, for 0 < /3 < b, I$'Z > 0 and the solutions cannot cross lV2. Solutions starting inside ti remain inside for all future time. It is also evident that the set M is the origin. Hence, by Theorem 1, every solution inside Q, 0 < /3 < b, approaches bhe origin as t ---f ~0. The origin is asymptotically stable, and the region defined by 3
gives us an estimate of t.he size of the region of asymptotic stability. The curve y2 = H(x) = $6' -bX2 -sx3
is part of the boundary of the region Q defined above. Now H'(x) = -2z(b + x), and we see that H(x) has a . minimum at 5 = -b. At it: = -b the value of H(x) is H(-b) = b2(a2 -+b).
Hence, if a2 < l/3 b, a better estimate of the region of asymptotic stability is obtained by taking s2 to be the region defined by $y2 + $bx2 + +x3 < Qb3, and x < -b.
This estimate of the region of asymptotic stability is illustrated in Fig. 5 when a = l/4 and b = 2.
COMPLETE STABILITY (ASYMPTOTIC STABILITY IN TIIE LARGE)
For many systems it may be important to assure that no matter how large the perturbation, or in a feedback control system, regardless of the size of the error, the system tends to return to its equilibrium state. This is asymptotic stability in the large. In place of this awkward expression we shall say completely stable. The system (2) will be said to be completely stable if the origin is stable and if every solution tends to the origin as t tends to infinity. Let E be the set of all points where T'(x) = 0, and let ikl be the largest invariant set contained in E. Then every solution of (2) bounded for t 2 0 approaches Jr2 as t + 00. The proof is so close to that of Theorem 1 that we omit it. Fig. 6 illustrates the reason for assuming both that the origin is stable and that all solutions tend to the origin. We see that all solutions can tend to the origin and yet the origin need not be stable.
The basic theorem is:
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The problem of establishing complete stability can be broken up into two parts: First, to construct a Liapunov function V(x) satisfying 1) and 2) above and such that the only solution remaining in E for all t is the trivial one (x = 0) ; and second, to show that all solutions are bounded for 1 2 0. It is sometimes possible, as we shall discuss in a moment, to do both parts by constructing a single Liapunov function. However, it is often more convenient to discuss t,he two problems separately, and by itself the second problem is of importance. The boundedness of all solutions for 2 2 0 is also a kind of stability, called Lagrange stability. We give now a Liapunov method for determining this type of stability. Then each solution of (2) is bounded for all t 2 0.
Proof: Since W is continuous in a', it is bounded on the boundary of Q. Suppose that W(x) 5 1, on the boundary of Q. By (c) we know that for each 1 > 0 there is an r > 0, such that W(x) > 1 for l[xll 2 r. If we select 1 > I,, we see that no solution starting inside fi can leave I Ix/I < r, since W is nonincreasing in V. All solutions starting in Q are therefore bounded for all t 2 0. Suppose, however, that x(t) is a solution starting at a point 2' in 0". Let W(x") = lo, and select 1 > 1,. Then, if x(t) remains in Qc, W(x(t)) < 1, < 1 and I Ix(t)/1 < r. If it enters fi, we have already shown that it is bounded. Hence, all solutions are bounded for t >_ 0.
We wish to discuss two examples. In the first we deal with the question of boundedness and in t.he second we consider complete stability.
Consider Lienard's equation For large enough 1x1 the average resistance is positive. For instance, these conditions are satisfied by van der Pol's equation for a triode oscillator z + r(x2 -l)$ + x = 0, E > 0.
We will use Theorem 4 to show that under these conditions all solutions of Lienard's equation are bounded for t > 0. A system equivalent to Lienard's equation is
We might begin with the total energy W(x, y) = iy" + G(x), but find that However, we do not wish to exclude the possibility that for some x the resistance is negative. Modifying this function, we try
where h(x) is to be determined. A simple computation yields
We want ti(x, y) < 0 outside the neighborhood D defined by 1x1 < a and (y[ < b. We see that we can do this, if for 1x1 large we have h'(x) = 0, and if for 121 restricted and jyl large we have h'(x) > 0. Select a > a, and sufficiently large that G(x) > 0 for all 1x1 2 a. Define
It is then not difficult to verify for b sufficiently large and all (x, y) outside fl that W > 0, I? < 0, and W t ~0 as x2 + y2 + 00. Hence, by Theorem 4 all solutions are bounded for t 2 0.
It is often possible to construct a Liapunov function V which satisfies both Theorems 3 and 4, and then to conclude complete stability. If V is not identically zero along any solution other than the origin, then the system (2) is completely stable. By Liapunov's first stability theorem, we know that the origin is stable, and it follows from Theorem 4 that every solution is bounded for t 2 0. Therefore, by Theorem 3, every solution approaches M as t + ~0. But since E IRE TRANSACTIONS ON CIRCUIT THEORY December contains no solution other than the origin, the set M is the origin, and the system is completely stable. It does occur in some applications that one can construct a Liapunov function V satisfying Theorem 5 and, in addition, p may be negative definite; that is, P(X) < 0 for all II: # 0. Then, of course, M is the origin and the system is completely stable. However, it is often easier to find a Liapunov function whose time derivative is only non-negative, and then to conclude from the differential equations that M is the origin. The next example is a simple instance of this. Thus we assume that: 1) the potential energy G(s) is positive definite (Z = 0 is its minimum), 2) the potential energy approaches infinity with 1x1, and 3) the damping is always positive. An equivalent system is We take the Liapunov function to be the total energy:
Vb, y> = +y2 + G(x).
Then, V(x, y) = -f(x)yY" i 0.
Now p vanishes only on the axes x = 0 and y = 0, and it is clear that excluding the origin, no solution remains on these axes. Hence, all the conditions of Theorem 5 are satisfied, and the system is completely stable. A difficulty in using Theorem 5 often is that one can construct a Liapunov function satisfying conditions 1) and 2), but not 3). We illustrate in t,he next example that it may then be easier to establish the boundedness of the solutions as a separate problem.
We continue our investigat,ion of the complete stability of LiBnard's equation with a weaker assumption on g(z) and a stronger assumption on the damping. Assume that 1) x9(x) > 0 for x#O.
2) f(x) > 0 for all z # 0.
3) I WJ-$ I = / S,' f(t) 4 / -+ ~0 as I x I + ~0 .
We use the same Liapunov function V(x, y) = $y' + G(x) as before. However, since it may not be true that G(x) --f a as 1x1 -+ ~0, we can conclude only that every solution bounded for 1 2. 0 approaches the origin as i!+ 02 (Theorem 3). Thus, to establish complete stability, we need to show that all solutions are bounded for t > 0. To do this, consider the region fi (Fig. 7) defined by and Rx, Y) = iyz + G(x) < 1, (y + F(x)y < 2. For any I and a, this is a bounded region. Let (x(t), y(t)) be any solution, and select 1 and a so large that the solution starts in Q. Then the solution cannot leave without crossing the boundary of Q. It must cross either V = 1 or y + F(x) = -a or y + F(x) = a. We can select a sufficiently large that the part of y + F(X) = a which is the boundary of Q corresponds to x > 0 and the part of y + F(x) = -a corresponds to x < 0. Since V 5 0, a solution starting inside cannot cross V = 1. Now,
Along that part of y + F(z) = -a or y + F(x) = a which makes up the boundary of 0, we have
Hence, (x(t), y(t)) cannot leave a, and every solution is bounded for t 2 0. Thus, under somewhat different conditions we have again shown that LiBnard's equation is completely stable.
Usually it is not difficult to study the stability of second-order systems. There are two reasons for this. The phase space is a plane, and we have no trouble visualizing the qualitative behavior of the system. We are also accustomed to identifying, the damping in systems with one degree of freedom. It is worthwhile then to illustrate the method for a third-order system. Equations of the type considered here have been studied by Pliss7 and Ogurtsov.8 We wish to determine conditions on the damping f(3) in order that z + f(i)% + a2 + bz = 0 be asymptotically stable. We assume that a and Z, are positive constants. Letting y = i and z = 2, we obtain the. equivalent system 2 = y, j, = 2, .i = -f(y)2 -ay -ox. If f(y) 2 c > b/a for all y, then it is clear that the conditions of Theorem 5 are satisfied, and the system is completely stable. If one assumes only t,hat f(y) > b/a, we are not sure that V + ~0 as x2 + y2 + x2 + ~0. However? it is possible to give a separate proof' that all solutions are bounded for t 2 0 and conclude complete stability.
Differential Equations with a Small Parameter Attached to the H:gher Derivatives and Some Problems in the Theory of Oscillation* .
E. Ii'. MISHCHENHOi AND L. S. PONTRYAGINt NE of the important areas of application of the theory of ordinary differential equations is radio engineering. The systems of equations which describe the working of electronic devices are always formed to some extent on the basis of an idealized device. The electronic devices are assembled out of a number of elements, such as electron tubes, capacitors, inductors, etc. The physical quantities characterizing these elements, such as the numerical size of the capacitor, the numerical size of the inductor, etc., are called the parameters of the device. Besides the elements foreseen in the design of the device, parasitic elements, as a rule; enter int,o it. Compared with the foreseen elements, the parasitics, as a rule, have small parameters. Examples of parasitic elements are interelectrode capacity, inductance of the connecting wires, etc. In idealizing the device, it is natural not to consider the small parasitic elements. It is known, however, that such idealizations in a number of cases lead * Received by the PGCT, November 18, 1960. t Inst. of Mathematics, USSR Acad. of Sciences, Moscow, USSR. not only to an inaccurate but even to an incorrect qualitative description of the operation of the device. If, in formulating the system of differential equations with due regard to the small parasitic parameters, it happens that they enter as the coefficients attached to the higher derivatives, then, upon setting these parameters equal to zero, we obtain a system of equations of lower order and also frequently leave unsolved the higher derivatives. Generally, under these circumstances, not considering the parameters can lead to an incomplete description of the physical phenomena.
In the present article we consider a rather general system of differential equations with a small parameter attached to the higher derivatives-a system which in a number of cases provides a correct explanation of the working of the corresponding apparatus and is impossible if the small parameter is not considered. Let x = (x1, . . ..xk) (1) y = (yl, . . .) yl)
